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When the botanist Brown discovered the very irregular and 
apparently perpetual motion of small particles in a liquid, no 
mathematician paid any attention to it. Actually, the main 
problems of mathematical analysis in the 19th century dealt with 
analytic functions, at least with well-behaved functions (say, 
piecewise analytic), with a few exceptional examples of a rather 
pathological nature provided by trigonometric series. When 
Weierstrass, following (but improving!) an idea of Riemann, gave 
the first example of a continuous nowhere differentiable function 
(1872), the mathematical world was not unanimously in praise of 
this discovery. Charles Hermite, one of the best French math- 
ematicians of the time, is quoted as saying “Je me d&ourne avec 
horreur de ces monstres qui sont les fonctions continues saris 
derivee”. Even to those who appreciated it, the example of 
Weierstrass looked artificial, and other examples of a more 
geometrical nature were looked for and found (Peano, von Koch). 
In his autobiographical Quelques aspects de la pen&e d'un 
mathgmaticien (1970), Paul Levy, one of the pioneers of the 
mathematical theory of Brownian motion, points out that he was 
interested very much by these strange curves when he was a child. 
On the other hand, a better understanding of the role of 
Gaussian variables in probability (already guessed, or discovered, 
by De Moivre and afterwards by Laplace) led to a first theory of 
Brownian motion. Though Bachelier initiated a theory in 1900, 
the actual birthdate of Brownian motion in mathematical physics 
is 1905, the date of the three most famous papers of Einstein 
in the Annalen der Physik. The paper of Einstein on Brownian 
motion became famous among physicists. About the same time, 
Smoluchowski made the same theory. Instead of trying to define 
the average speed of a particle, they investigated the quadratic 
variation of itsposition,which happens to be proportional to 
time. This new theory led the French physicist Jean Perrin to 
a series of experiments using Brownian motion in order to derive 
the Avogadro number, that is the dimension of atoms; these 
experiments are described in a book, Les Atomes (1912). Here is 
an interesting comment of his: “c’est un cas oh il est vraiment 
nature1 de penser B ces fonctions continues saris ddrivees que 
les mathgmaticiens ont imaginbes, et que l’on regardait B tort 
comme de simples curiosit& mathematiques, puisque l’exp6rience 
peut les SuggQrer...” 
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When N. Wiener went to Cambridge about 1913, he wanted to 
study logic with Bertrand Russell. Russell pushed him to read 
Einstein’s papers instead. He read Jean Perrin also, and often 
in his papers on Brownian motion quoted Perrin’s description and 
comments (see, in particular his book on Fourier transforms in 
the complex domain, written jointly with Paley). He gave the 
first really mathematical theory of the Brownian motion, proving 
that almost all trajectories are continuous, and later (with 
Paley and Zygmund) that they are nowhere differentiable. 
“Almost all” in the preceding sentence refers to a relatively 
new notion at the time, the notion of measure space. Likely the 
theory would have been very difficult without the Lebesgue 
theory of measure and integration. Fortunately the work of 
Lebesgue had been known for twenty years and already widely used 
in mathematical analysis, especially in Fourier series. 
First observation! A continuous nowhere differentiable 
function was a strange, artificial, and almost non-mathematical 
object (I mean not worth studying) in 1880. With the Brownian 
motion it becomes natural, unavoidable in 1930. It becomes 
evident for mathematicians (Denjoy, Steinhaus) as well as physicists 
(J. Perrin) that non-rectifiable curves and their companion 
totally disconnected sets (Cantor sets) may very well be good 
mathematical models for physical sciences. A pathological counter 
example became an interesting mathematical object. 
Second observation! The Lebesgue theory of measure and 
integration had first a geometrical meaning: length, area. 
Soon, and surprisingly, it changed completely the study of 
functions of a real variable, mainly via Fourier series. Then 
it provides a suitable foundation for the study of Brownian 
motion (Wiener) and sums of independent random variables 
(Steinhaus) . Finally, in a more abstract form, it provides the 
present foundations of probability theory (Kolmogorov, 1933). 
Though measure and integration can be considered from other 
points of view (integration as a linear form on a space of 
function, leading to distribution ii la Schwartz, duality in 
topological linear spaces, and finally integration theory B la 
Bourbaki) , the probabilistic point of view seems now the leading 
one in the domain. (I take this opportunity to insist on a 
generally misunderstood aspect of Bourbaki and Bourbakists, or 
former Bourbakists like Dieudonnb. They have a unified approach, 
and a very strong way of expressing their feelings. That does 
not mean that they are intolerant and unable to accept different 
views. ) 
To what extent is it possible to say that now Brownian motion 
is a central object in mathematics? 
First, it seems to me that it is important as a physical 
object, and that mathematicians cannot escape studying it in the 
same way that they cannot escape studying the heat equation, the 
Navier-Stokes equation for turbulence, quantum mechanics, and so on. 
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Secondly, it plays nowadays a central role in probability. 
(1) It is the continuous version of the obvious random walk of 
a drunkard. This random walk can be studied by combinatorial 
methods which go back to Pascal (the celebrated Pascal triangle). 
Brownian motion suggests a number of problems of a combinatorial 
nature, and most of its properties were discovered using combin- 
atorial tools. (2) It is the most important stochastic process 
with independent increments, and a careful study of Brownian 
motion leads to other processes of this kind, the so-called Levy 
process of order l/2, and the Cauchy process. (3) It is the 
most important Markov process (one where the future does .not 
depend on the past), and many Markov processes simply occur by 
looking at a special problem on Brownian motion. (4) When stopped 
at a so-called stopping time, it is the most important example 
of a continuous martingale, and many recent results on martingale 
theory come from Fourier series or analytic functions via Brownian 
motion. (5) It also provides the most interesting examples of 
stochastic integrals. 
Thirdly, it has a strong influence on and connections with 
harmonic analysis, potential theory, Hausdorff measures and 
dimens ions, and now ergodic theory [E18], and analytic functions. 
Each of these relations would need a special talk. Let me quote 
only the Fourier-Wiener series (obtained by integrating the series 
Znint 
Q- 3 where the 5, are independent normal random variables, 
which represents the so-called “white noise”), the probabilistic 
interpretation of harmonic measures, the use of Brownian motion 
in order to solve specific problems on subharmonic functions 
(Fuglede), the extensive use of other random Fourier series to 
provide examples and counter examples, and, as a consequence of 
a theorem of Paul LQvy, the essential equivalence between the 
study of Brownian paths in the plane and the theory of analytic 
functions of one complex variable. (Some illuminating remarks 
in this area are due to Burgess Davis and are quite recent. Let 
me simply mention a very elegant proof of the great Picard theorem 
through combinatorial arguments and Brownian motion). 
From a mathematical point of view, I have the feeling that 
Brownian motion is a fascinating object. From a historical point 
of view, I think it is worth studying now. Many elements can 
be found in Wiener’s and Paul L&y’s papers (including their 
autobiographies), and others have to be looked for among living 
mathematicians or physicists. From a philosophical point of 
view, I believe it important to consider that mathematics is 
not only a body of theories and general concepts, unified by 
common foundations. It consists also -- and perhaps primarily -- 
of mathematical objects coming from the real world by a 
convenient abstraction (e.g., the integral numbers, geometrical 
figures, classical partial differential equations, “special 
functions”, classical groups, Brownian motion). The relative 
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importance of these objects changes, of course. And the same 
word can apply to different objects. One century ago, a torus 
was a nice geometrical surface, generated by four families of 
circles (meridian, parallel and the Villarceau circles). Now, 
a torus T” is a classical abelian group, and sometimes people 
refer to a periodic function as a “function defined on the torus 
T1lf, because its natural domain is a circle. 
Mathematics at a given time seems to me oriented by a careful 
study of some of these objects. Most of mathematical intuition 
comes from this careful study. Then come theories and then 
foundations. Of course, in teaching mathematics, the order cannot 
be the same; but it is a serious error, even in teaching, not to 
have in mind some exciting mathematical objects to reach and 
study as a result of a theory. 
To be more concrete, let me go back to Brownian motion. In 
a course on probability theory, you will not begin with random 
walk or Brownian motion. Usually you begin with S2, a, p and 
the Kolmogorov axiomatics of 1933. Q is a set, a a u-field, P 
a probability measure on a, and .Q is atom-free. This is too 
much for finite random walks, and it is not enough for Brownian 
motion. It is not enough because the system of axioms is too 
poor in order to give sense to a sentence like “almost surely 
the sample functions of Brownian motion are nowhere differentiable.” 
You must either introduce analytic sets, or assume that p is complet 
As a conclusion, let me reverse the usual image. In my opinion, 
mathematics is not a fortress built on foundations, with theories 
as towers and secret corridors to discover. The mathematical 
world is more like a continent, full of things to explore. High- 
ways and airplanes are like theories and foundations. They are 
quite useful, but you have to change them from time to time, 
and principally, you must not forget that highways and airplanes 
are not the whole world. 
DISCUSSION 
Unfortunately, little time was available for oral discussion 
after Kahane’s talk, and none after the talks by Diaz and 
Freudenthal. The sole discussant here was Stephen Brush. The 
following is a summary of his comment. 
I think that the subject of Brownian Motion is fascinating. 
I would like to see it treated as a case history of the inter- 
action between mathematics and physics. I would like to bring 
out some aspects of this which may make it even more interesting. 
than you have already indicated. 
papers [E17]. 
For more details see my 
You mentioned Bachelier in your paper. When I was looking 
into this subject I wondered why Bachelier should be cited as 
HM2 Brownian Motion 599 
an originator of Brownian movement theory, since his 1900 paper 
is concerned only with the theory of fluctuations of stock 
market prices. This turned out to involve an even more inter- 
esting question, namely that of Henri PoincarQ’s role in the 
prehistory of the theory. Poincar6 was very interested at 
that time in the physical phenomena of Brownian movement, noting 
for example that it appears to violate the second law of thermo- 
dynamics. Presumably he suggested to his student, Bachelier, 
that he should work out the mathematical theory of such random 
processes, but there is only a brief hint in the published 
version of Bachelier’s dissertation that he considered the 
application of his theory to Brownian movement. So it seems 
that PoincarQ and Bachelier missed the opportunity to do what 
Einstein and Smoluchowski did five years later; 
I would like to make two further comments about Brownian 
movement. First, Kahane mentioned Perrin and his work based on 
Einstein’s theory, e.g. the determination of Avogadro’s number 
and atomic sizes. The amazing thing, to me, about this work 
is that for the first time in over 2,000 years someone actually 
proved the existence of atoms. It sounds rather strange now- 
adays, perhaps even metaphysical, to say you have proved the 
existence of atoms, and it may be hard to believe that their 
existence was still in doubt as late as 1905. [The skeptics 
included Mach and Duhem. See [El71 -- Ed.] But in fact Perrin’s 
work on Brownian movement seems to have provided the clinching 
evidence that convinced skeptics like Wilhelm Ostwald to change 
their minds and believe in the existence of atoms. 
The second comment is that Brownian movement theory had a 
more recent influence on physics. The American physicist 
Richard Feynman developed a new version of quantum mechanics, 
equivalent to the Schrbdinger and Heisenberg versions, based on 
Wiener’s theory of Brownian movement using functional integrals. 
(See J.B. Keller and D.W. McLaughlin, Am. Math. Monthly 82 (1975), 
451-65.) Thus the entire mathematical theory of Brownian movement 
could be transcribed into the formulation of quantum mechanics, 
except that Feynman used a complex measure in a way that made 
mathematicians somewhat unhappy. While the mathematical rigor 
of Feynman’s theory is probably still open to question, physicists 
have used it in some formulations of quantum field theory and 
statistical mechanics. It makes an intuitive connection with 
classical mechanics, allowing you to discuss what happens to a 
particle as it moves along a trajectory. You have to average 
over all trajectories with a complex Wiener measure, but in the 
limit as Planck’s constant goes to zero you are left with only 
the single path that satisfies Hamilton’s action principle. 
There is another interesting historical question here: was 
there any direct interaction between Wiener and Feynman (who 
were both at MIT) thatresulted in Feynman’s theory? Feynman 
does not actually say “I am now going to use a Wiener integral,” 
but I suppose he knew there was a connection. 
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[The papers by Profs. Mackey, Zygmund and Kahane illustrate 
beautifully the many-sided character of mathematics, and the 
diverse origins of its ideas. Still another side of harmonic 
analysis concerns its importance for physicists and engineers. 
This side is explained nicely in the Introduction of G. A. 
Campbell and R. M. Foster, Fourier Integrals for Practical Ap- 
plications, van Nostrand, 1948. After citing an apt quotation 
from Kelvin (Thomson) and Tait, they state that: 
The Fourier integral is an indispensable instrument 
in connection with physical systems in which cause and 
effect are linearly related (so that the principle of 
superposition holds) because it gives at once an expli- 
cit formal solution of general problems in terms of the 
solution for the sinusoidal case which is often readily 
found. This explicit general solution makes use of two 
Fourier integrals, one for the spectrum analysis of the 
arbitrary cause and the other for the spectrum synthesis 
of the component sinusoidal solutions. No further 
consideration of the actual physical system is necessary 
after the elementary sinusoidal solution has been ob- 
tained. This point of view has become a part of our 
general background of thought. -- Ed. ] 
